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l"O;\IEl"CLATURE

Ii local heat transfer coefficient
k fluid thermal conductivity
kF fin thermal conductivity
L length of fin along base
Nu local Nusselt number, hXJk
Pr Prandtl number, v/(/.
q dimensionless local heat flux, Nlu!JF
qT dimensionless total heat transfer per unit length

of base, QT/Lk(Tb- Too)
Ra Rayleigh number, gPX~(7j,- Too)/v(/.
t fin half thickness
II dimensionless vertical velocity, UXJrx
v dimensionless horizontal velocity, VXJrx
X b location of fin base, equation (16)
x dimensionless vertical coordinate, X/Xb

y dimensionless horizontal coordinate, Y/Xb

Greek symbols
p thermal coefficient of volumetric expansion
cf> dimensionless temperature, (T - Too)f(Tb - Too)

Subscripts
b fin base
F fin
00 bulk fluid

INTRODUCTION

SI~I1LAR1TYsolutions to the laminar boundary layer equations
for steady natural convection from an isothermal vertical flat
plate have been known since the pioneering work of
Pohlhausen [1]. Sparrow and Gregg [2] added solutions for
nonisothermal vertical plates with surface temperatures of the
form T - Too = Ax" and B em.>: where x is the distance
measured from the leading edge. However, Lock and Gunn
[3] have shown that these two forms result in equivalent
transformed equations and therefore are not distinctly
separate. Yang [4] determined that the plate temperatures
prescribed above cover all possible similarity solutions for
steady laminar natural convection on vertical flat plates.

Natural convection heat transfer from short vertical fins of
high thermal conductance can be solved by considering the
fins to be isothermal and decoupling the conduction in the fin

from the convection in the fluid, as in forced convection fin
analysis [5, 6]. However, long fins of moderate to low
conductance will not remain isothermal; this requires that the
conjugate problem of conduction within the fin be solved
simultaneously with natural convection in the fluid. Lock and
Gunn [3] developed a similarity solution for a short tapered
fin in a fluid of infinite Prandtl number. A numerical solution
for conjugate heat transfer from a short vertical plate fin has
been published by Sparrow and Acharya [7] at Pr = 0.72.

The present work outlines a similarity solution for
conjugate natural convection heat transfer from a vertical fin
of infinite length. Complete results are presented for a uniform
conductivity plate fin as a function of the fluid Prandtl
number, the only independent governing parameter.

ANALYSIS

Consider the infinitely long vertical fin shown in Fig. 1.The
fin base can be selected arbitrarily provided the corresponding
temperature, 7j" is known.Theflowis assumed to be laminarin
the Boussinesq fluid of infinite extent surrounding the fin. The
fin is at a higher temperature than the surrounding isothermal
bulk fluid, so the buoyant force and resulting flow is upward,
toward the fin base. The problem is unchanged if the fin is
cooler than the bulk fluid and the fin is inverted.

The governing conservation equations of mass, momentum
and energy for the fluid can be written using boundary layer
approximations as follows:

au av
ax + aY = 0, (1)

au au a2u

U ax +v ay = -gP(T- Too)+vay2 ' (2)

er et a2T
Uax +v aY = rx aY2' (3)

The governing equation for a fin of variable conductivity or
thickness becomes

(4)

using the thin fin approximation. The boundary conditions on
the fluid are

* Present address: Department of Mechanical Engineering,
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U = V = 0, T = TF at Y = 0,

U = 0, T = Too at Y = 00,

(5)

(6)
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FIG. I. Schematic diagram of an infinitely long heated vertical fin; fluid temperature profiles normal to a plate
fin as a function of Prandtl number.

and the boundary conditions on the fin are

TF = Tb at X = X b,

TF = T,. at X = CXJ.

(7)

(8)

conduction equation results in

kntbX-xn.....- 2[nm+n(n-l)]+kCO'(0)x(sn-Il/4 = O. (15)
b

(9)

(16)

These equations can be put into dimensionless form using X b

as the length parameter. This is an arbitrary choice oflength
scale indicated by Yang [4] which will be determined later.
Introducing a dimensionless stream function, 'l', satisfies the
continuity equation.

Considering the work of Yang [4] and Lock and Gunn [3],
the only possible means of obtaining a similarity solution in
the fluid adjacent to a nonisotherrnal fin is when the fin
temperature has the form ¢F = x". Therefore, this form is
chosen for the present problem. The dimensionless similarity
variables, which closely resemble those of Sparrow and Gregg
[2], become

Ra l /4

C= J2 '
'l' 4>

F('T) = 4cx(n ... 3)/4' OM = 4>F' (10)

The powers of x must be identical so that the equation is
independent of position along the fin.This prescribes the value
for n, n = 4m -7, which is identical to the result of Lock and
Gunn [3]. The indiciaI equation must also be satisfied, which
results in the following expression for X b:

[
(4m-7)(5m-8)kFbtJk J417

X - .
b - {[gP(Tb-T",)]/4l'~P/4[ -0'(0)] .

The similarity equations now become

P" +Pr- I [(4m-4)FF" -(8m-12)(F')2] -0 = 0, (17)

0"+(4m-4)FO'-(16m-28)F'O = 0, (18)

with the boundary conditions given in equations (13) and (14).
Note that the only remaining parameters in the similarity
differential equations are the fin conduction exponent m and
the fluid Prandtl number.

Substitution into the dimensionless fluid equations yields the
transformed similarity equations

F'''+Pr- 1 [(n+3)FF"-(2n+2)(F')2]-O = 0, (11)

0"+(n+3)FO'-4nF'0=0, (12)

with the transformed boundary conditions

F = F' = 0, 0 = 1 at 1/= 0, (13)

F' = 0, 0 = 0 at 'T = CXJ. (14)

The primed quantities represent derivatives with respect to '/.
The fin conduction equation (4) must be analyzed to

determine the matching conditions at the fin-fluid interface.
Substituting the similarity transformations given in equations
(9) and (10), the relation ¢F = x", and the prescribed
conductivity-thickness product, kFt = kF.btbxm

, into the fin

RESULTS

The most practical value of m is zero,which corresponds to
a constant property plate fin. This gives a single value for n,
n = -7, which prescribes the plate fin temperature distri
bution. The complete solution for a plate fin is given below.

Thesimilarityequations(l7)and(18)withm = osubject to
the boundary conditions listed in equations (13) and (14) have
been solved over the range 0.001 ~ Pr ~ CXJ using an under
overrelaxation, central difference-finite difference method,
Representative plots of dimensionless temperature, stream
function and vertical velocity distributions are given in Figs.
1-3.

Values of -0'(0) were obtained by extrapolating the
numerical solutions at two values of til/to zerogrid size using a
second order extrapolation technique [8]. The computed
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FIG. 2. Dimensionless similarity stream function for a plate fin as a function of PrandtI number.

(20)

values can be predicted to within 0.5% using the following
correlation valid for 0.001 ~ Pr ~ 00:

-0'(0)::::: [(2.55 Pr I /4 ) - 2 . , +(1.539)-z·'r 1/2.1. (19)

The complete solution for the plate fin (m = 0, II = -7)
given in terms of dimensionless parameters is outlined below.

Length scale: X b determined from equation (16).
Similarity variable:

Ra'/
4

II = .J2 yx- z.

Fin temperature distribution:

Fluid temperature distribution:

cf> = cf>.0.

Fluid vertical velocity distribution:

(21)

(22)

(23)
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FIG. 3. Dimensionless vertical velocity profiles adjacent to a plate fin as a function of Prandtl number.
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Fin total heat transfer;

Ra\f~ '[
Nil = ---y- [-0'(0)l~-2 = - [-0'(0)) . (25)

,,2 }'

Fin local heal flux :

Ral/~ /[-1.
q =-- [-O'(O)l~-g = _'i'_F" [-0'(0)] . (26)

-/2 }'
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1[
= - - [-4F -811FT

Y

Fin local Nusselt number:

Fluid horizontal velocity distribution :

- Ra\f~ [ Ra' /~ ]
!' = ~-l -4F-8--yF'~-1

-/2 . -/2'

I4k Ft
qr = is;'

In the present solution it should be noted that the fluid
approaches the fin base at x = I rather than moving in the
opposite direction, away from a leading edge at x = 0, as it
does in most other similarity solutions. The resulls are valid for
long fins, and give a first approximation for heat transfer and
fluid flow for finite length fins providing the tip temperature is
nearly equal to the bulk fluid temperature and theheat transfer
near the tip is an insignificant fraction of the total fin heat
transfer. No direct comparison can be made between the
present solution and the isothermal vertical flat plate
similarity solution because ofthe lack ofa leading edge and the
breakdown of the fin conduction equation under isothermal
fin conditions.
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boundary layer shape facrors
local friction coefficient
velocity profile
strearnwise component of gravity
local Grashof number
functions associated with the deviation from
unity
parameter for the external velocity variation
parameter for the ambient tempera lure
variation
parameter for the wall-ambient temperature
difference variation
local Nussclt number

Pr Prandtl number
Rex local Reynolds number
T temperature
tiT; wall-ambient temperature difference
u velocity in x direction
x.)' boundary layer coordinates

Greek symbols
P coefficient of thermal expansion
<5, <5, viscous and thermal boundary layer

thicknesses
( boundary layer thickness ratio
'/,'[, similarity variables in )' direction
o temperature profile

R"n' 26 : u-r




